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Abstract 
In this paper, we describe a generalized product construction and a construction using Steiner 
pentagon systems to obtain holey self-orthogonal Latin squares with symmetric orthogonal mates 
(HSOLSSOM). We investigate the existence of HSOLSSOM(h”) for even h. We first improve 
the known result for h = 2 and show that a HSOLSSOM(2”) exists for all n>S except possibly 
for n E E = (8. 10, 12, 14, 15, 16, 18, 20, 22, 24, 28, 32). As a consequence, we then establish 
that for h E 2 (mod 4) and h 3 10 a HSOLSSOM(h”) exists for all n 2 5 except possibly for 
II E E. More conclusively, we show that for h G O(mod4), a HSOLSSOM(h”) exists if and 
only if 1~35. We are also able to apply our results to construct a unipotent SOLSSOM(62), the 
existence of which was previously unknown. 
1. Introduction 
A quasigroup is an ordered pair (Q, - ), where Q is a set and (. ) is a binary operation 
on Q such that the equations 
a,x=b and y.a=b 
are uniquely solvable for every pair of elements a, b in Q. It is well known (e.g., 
see [3]) that the multiplication table of a quasigroup defines a Lutin square; that is, 
a Latin square can be viewed as the multiplication table of a quasigroup with the 
headline and sideline removed. For a finite set Q, the order of the quasigroup (Q, e ) 
(Q, -) is called idempotent if the identity is jQ[. A quasigroup 
XI xx 
holds for all x in Q. 
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Two quasigroups (Q, .) and (Q, *) defined on the same set Q are said to be ortho- 
gonul if the pair of equations x y = a and x * y = 6, where a and b are any two 
given elements of Q, are satisfied simultaneously by a unique pair of elements from Q. 
We remark that when two quasigroups are orthogonal, then their corresponding Latin 
squares are also orthogonal in the usual sense. 
Let S be a set and H = {Sl, &, . . , Sk} be a set of disjoint subsets of S. A holey 
Latin square having hole set H is an IS/ x /SI array L, indexed by S, satisfying the 
following properties: 
(1) every cell of L either contains an element of S or is empty, 
(2) every element of S occurs at most once in any row or column of L, 
(3) the subarrays indexed by S, x S, are empty for 1 <i dn (these subarrays are 
referred to as holes), 
(4) element s E S occurs in row or column t if and only if (s, t) E (S x S)\lJi QiGn 
(S, x Si). The order of L is /SI. Two holey Latin squares on symbol set S and hole 
set H, say L1 and Lz, are said to be orthogonal if their superposition yields every 
ordered pair in (S x S)\U, <iGn(Si x Si). We shall use the notation IMOLS(s; ~1,. . . ,s,) 
to denote a pair of orthogonal holey Latin squares on symbol set S and hole set 
H = {S,~2,...>&}, where s = IS] and s, = ISil for 1 6 i <n. If H = 0, we obtain a 
MOLS(s). If H= {S,}, we simply write IMOLS(s,si) for the orthogonal pair of holey 
Latin squares. 
If H = {S,,S2,. . . ,S,} is a partition of S, then a holey Latin square is called a 
partitioned incomplete Lutin square, denoted by PILS. The type of the PILS is defined 
to be the multiset {IS, I : 1 6 i < n}. We shall use an “exponential” notation to describe 
types: so that ty’ t: denotes Ui occurrences of ti, 1 <id k, in the multiset. TWO 
orthogonal PILS of type T will be denoted by HMOLS(T). 
A holey Latin square is called self-orthogonal if it is orthogonal to its transpose. 
For self-orthogonal holey Latin squares we use the notation SOLS(s), ISOLS(s,si) and 
HSOLS( T) for the case of H = 0, {Sl} and a partition {Si, S2,. . . , S,}, respectively. 
If any two PlLS in a set of t PILS of type T are orthogonal, then we denote the 
set by t HMOLS(T). Similarly, we may define t MOLS(s) and t IMOLS(s,sl). 
A holey SOLSSOM having partition P is 3 HMOLS (having partition P), say 
A, B, C where B = AT and C = CT. Here a SOLSSOM stands for a self-orthogonal 
Latin square (SOLS) with a symmetric orthogonal mate (SOM). A holey SOLSSOM 
of type T will be denoted by HSOLSSOM(T). 
HSOLSSOMs have been useful in the construction of resolvable orthogonal arrays 
invariant under the Klein 4-group [6], Steiner pentagon systems [8] and three-fold 
BIBDs with block size seven [17]. The existence of a HSOLSSOM(hn) has been 
investigated for h = 2 and for h odd. It is easy to see that n 2 5 is a necessary condition 
for the existence of such a design. The following existence results are known. 
Theorem 1.1 (Mullin and Stinson [lo], Zhu [15]). A HSOLSSOM(2”) exists jtir all 
odd n 3 5 except possibly n E { 15,33,87} and jbr all even n 346 except possibly 
n E {48,50,52,54,58,62,68,72,74,76,80,84,88, 108, 114). 
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Theorem 1.2 (Mullin and Zhu [ 111). If h is an odd integer, then a HSOLSSOM(h”) 
exists if and only if n >, 5 is odd except possibly for h = 3 and n E { 11,13, 15,17,19, 
23,27,33,39,5 1,59,87}. 
We wish to remark that n = 15,33 can be now removed in Theorem 1.2. In this 
paper, we describe a generalized product construction and a construction using Steiner 
pentagon systems to obtain holey self-orthogonal Latin squares with symmetric or- 
thogonal mates. We investigate the existence of HSOLSSOM(h”) for even h. We first 
improve the known result for h = 2 and show that a HSOLSSOM(2”) exists for all 
n 3 5 except possibly for n E E = {&lo, 12,14,15,16, 18,20,22,24,28,32}. As a con- 
sequence, we then establish that for h = 2(mod4) and h3 10 a HSOLSSOM(h”) 
exists for all n 2 5 except possibly for n E E. More conclusively, we show that for 
h = O(mod4), a HSOLSSOM(h”) exists if and only if n 35. 
2. Constructions 
2.1. A construction using holey Steiner pentagon systems 
Let K,, be the complete undirected graph with n vertices. A pentagon system (PS) 
of order n is a pair (K,, B), where B is a collection of edge disjoint pentagons which 
partition the edges of K,,. A Steiner pentagon system (SPS) of order n is a pentagon 
system (K,, B) with the additional property that every pair of vertices are joined by a 
path of length 2 in exactly one pentagon of B. 
Let Q be an n-set and let K, be based on Q. It is well known [7] that a quasigroup 
(Q, - ) satisfying the three identities x2 = x, (yx)x = y and x( yx) = y(xy) is equivalent 
to a SPS (K,, B). Here a pentagon (x, y,z, U, v) E B if and only if xy = z and yx = n 
for x # y and x2 = x for all x E Q. A quasigroup associated with a SPS is called a 
Steiner pentagon quasigroup (briefly denoted by SPQ). 
A partitioned incomplete quasigroup (PIQ) is a partial quasigroup whose multipli- 
cation table with the headline and sideline removed is a PILS. The type of the PIQ is 
the type of its associated PILS. A PIQ of type h” satisfying the identities (yx)x = y 
and x(yx) = y(xy) is denoted by HSPQ(h”). 
A holey Steiner pentagon system of type h” (HSPS(h”)) is a SPS with n disjoint 
holes of equal-size h. A HSPS(h”) is essentially equivalent to a HSPQ(h”). 
Theorem 2.1.1. Suppose there exists u holey Steiner pentagon system of type h”. 
Then there exists a HSOLSSOM(h”). 
Proof. Let (Q, - ) be a HSPQ(h" ) associated with the given HSPS(h” ). Then (Q, . ) 
satisfies both the identities 
(YXb = Y (1) 
14 
and 
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X(YX> = Y(XY>. (2) 
First of all, we shall prove that the holey quasigroup (Q, a) is self-orthogonal. Suppose 
(Q, *) is the transpose of (Q, e). Then for given elements a and b in Q, we must 
essentially show that the equations xy = a and x * y = b are uniquely solvable. In fact, 
( 1) implies 
bx = y (3) 
since the equation x * y = b is equivalent to yx = b. From (2) and (3) we have 
b(xb) = x(bx) = xy. 
So, the equation xy = a implies 
b(xb) = a. 
Since (Q, +) is a quasigroup, xb and then x can be determined uniquely. From (3), we 
further get a unique solution for y. This shows that (Q, - ) is self-orthogonal. 
Let us now define a holey quasigroup (Q, o) where x o y = x( yx) and the products 
are defined by the operation (s). It is easy to see from (2) that x o y = y o x, so 
the quasigroup (Q, o) is commutative. Next, we shall show that (Q, o) and (Q, .) are 
orthogonal. 
Suppose xy = c and x o y = d where c and d are given elements from Q. Then we 
have d = x(yx) and y(xy) = yc. We further get d = yc from (2). Since y = (yc)c 
from (1 ), we know that y = dc. Again from (1 ), we get x = (xy)y = c(dc). It can 
be readily verified that these solutions for x and y satisfy the initial equations. Note 
that xy = (c(dc))(dc) = c follows from (1). By definition, x o y = x(yx) = y(xy) = 
(dc)((c(dc))(dc)), and from (1) it follows that x o y = (dc)c = d. This shows that 
(Q, o) and (Q, . ) are orthogonal and the proof of the theorem is complete. 0 
Lemma 2.1.2. There exist a HSPS(26) and a HSOLSSOM(26). 
Proof. A HSPQ(26) has been constructed by computer search [9]. Let Q = { 1,2,. . . ,12} 
and let { { 1,7}, {2,6}, {3,5}, {4,9}, (8, lo}, { 11, 12)) be the hole set of the HSPS. Then 
the HSPS(26) contains the following 12 pentagons: 
(1,2,5,4,12), (1,3,12,9, lo), (1,4,3,6,8), (1,5,11,10,6), 
(1,9,2,g, 11) (2,3,8,7,12), C&4,10,3, ll), C&7,9,5, lo), 
(3,7,6,11,9), (4,6,12,10,7), (4,8,5,7,11), (5,6,9,g, 12). 
Using the constructions in the proof of Theorem 2.1.1, we obtain a HSOLSSOM(26) 
shown in Figs. 1 and 2. 
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Fig. I. A HSOLS(2’) 
Fig. 2. A symmetric orthogonal mate. 
2.2. A generalized product construction 
In this section, we shall generalize the product type constructions of Lemmas 1 and 
2 in [15] to allow more flexible input designs in constructing HSOLSSOMs. 
We denote by ILS(s,si) a holey Latin square of order s when it contains only one 
hole of size SI. An element in the hole of an ILS is said to be evenly distributed if it 
does not appear on the main diagonal and if when it appears in one cell, then it must 
appear also in its symmetric cell. If each element in the hole is evenly distributed, then 
we say that the ILS is balanced. Given 3 IMOLS, if one of the three ILS is balanced 
and if also each element in the hole determines s - si distinct entries above the main 
diagonal in the other two squares, then we say that the 3 IMOLS are compatible. 
A set of cells in a Latin square, which is based on a set S, is called a transversal 
if they intersect each row and each column exactly once and contain each element in 
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S exactly once. Two transversals are said to form a symmetric pair if when a cell 
appears in one transversal, then its symmetric cell appears in the other transversal. 
Lemma 2.2.1. Suppose q is an odd prime power, q>7. Suppose there exist 3 
MOLS(m) and compatible 3 IMOLS(m + e,, e,) where m is even, t = 1,2,. , i(q - 5), 
k=C ,GtGCq_-5j,2(2e,). Then there exists a HSOLSSOM of type n&q-‘)(m + k)‘. 
Proof. Let L;. = (aii), where aij = a; + Aaj, ai, aj, 3, E GF(q) = {~o,ul,. .,a,_~} 
such that a0 = 0. Let a be a primitive element of GF(q). It is easy to see that the 
Latin squares LI,L,I, L,:, . . . , LIc,-2 form q - 1 MOLS(q) and that L,I,L,z,...,L,,/ are 
all self-orthogonal, where d = i(q - 3). The cells with entry 0 in L,, determine 
a common transversal, say tth transversal, of L,I and LI forming a SOLSSOM(q), 
where t = 1,2,. . , i(q - 5). The transpose of the tth transversal is also a common 
transversal of the SOLSSOM(q), say (t*)th transversal, which is determined by the 
cells with entry 0 in (Lg(,)T. Let the diagonal be the 0th common transversal, then we 
know that all these transversals intersect in cell (0,O) and are disjoint elsewhere. Now 
we present the following generalized product construction. 
Begin with the SOLSSOM(q), where L,o is the SOLS and LI is the SOM. Replace 
each cell of the SOLSSOM with an m x m array labelled by the element in that cell. If 
the cell is on the diagonal, then the array is empty. Suppose we are given MI ,A42,A43 
to be 3 MOLS(m) based on an m-set M. For a cell above the diagonal and not in any 
of the d - 1 symmetric pairs of transversals, the array consists of M, for the SOLS and 
M3 for the SOM, while at the same time the array for its symmetric cell will consist of 
Mr and MT. Suppose we are given Ntl,Ntl,Ntj to be compatible 3 IMOLS(m + e,, et) 
based on set A4 U E,, where lEt 1 = e, and Ntj is a balanced ILS. Suppose MtJ,Alj and 
Blj are the upper left part, the right part and the lower part of the Ntj, respectively, as 
shown below: 
Replace Et by a disjoint e,-set ET, we obtain similarly compatible 3 IMOLS(m + 
et,et) NtT,N$,Nt?, where N,T is a balanced ILS and MIT,Az and B$ are the upper left 
part, the right part and the lower part of the NiT, respectively, as shown below: 
For any non-(0,O) cell in the tth transversal, the array consists of k&l for the SOLS 
and Mt3 for the SOM, while at the same time the array for its symmetric cell will 
consist of (Mt;)* and (MZ;)T. We suppose that the elements in Et and Et* remain 
unchanged when labelling. Then we obtain the upper left part of the desired HSOLS- 
SOM, where there are q empty subarrays each of size m down the diagonal. As shown 
in Fig. 3, the four corners form a hole of size m + k. What we need is to describe the 
right part and the lower part of the HSOLSSOM. 
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Fig. 3. HSOLSSOM (w&q-“(m + k)’ ). 
The right part consists of the columns Cl,. . . , C,, . , C,_r where column C, comes 
from tth and (t*)th transversals of the SOLSSOM(q). First, project the transversals to 
form two columns such that tth transversal is to the left and (t*)th transversal to the 
right. Next, use the entries as labelling and replace each cell with an m x et array: A,, 
for the tth transversal and (Bz)r for the (f*)th transversal in the SOLS, At3 for the tth 
transversal and (Bz)r for the (t*)th transversal in the SOM. The lower part consists 
of the rows RI,. .,Rt,. . . , R,I_ 1 where row R, comes from tth and (t* )th transversals 
of the SOLSSOM(q). First, project the transversals to form two rows such that tth 
transversal is below and (t*)th transversal is above. Next, use the entries as labelling 
and replace each cell with an e, x m array: B,t for the tth transversal and (A,*2)r for 
the (t*)th transversal in the SOLS, Bt3 for the tth transversal and (At3)T for the (t*)th 
transversal in the SOM. 
Now we obtain a holey self-orthogonal Latin square with an orthogonal mate which 
is almost symmetric. The only problem is that in the orthogonal mate some positions 
occupied by an element x in Et have their symmetric positions occupied by another 
element y in ET. Since Nt3 and Nt; are both balanced, we may make the following 
adjustment so that the orthogonal mate becomes symmetric. We keep the entries x in 
18 FE. Bennett, L. ZhulDiscrete Mathematics 158 (1996) 11-25 
Nts and y in NtT unchanged if they appear above the diagonal, but interchange x and 
y if they appear below the diagonal. 
It is a routine matter to see that the final squares are the desired HSOLSSOM of 
type m(q-‘)(m + k)‘. This completes the proof. 0 
If we are given A,B and C to be 3 IMOLS(v,n) such that BT = A and CT = C, 
then we say that A and C form an ISOLSSOM(v,n). When III is even and e = 0 or e 
is odd, the existence of an ISOLSSOM(m + e, e) implies the existence of compatible 
3 IMOLS(m + e,e). Therefore, we have the following corollary which is Lemma 2.1 
in [16]. 
Corollary 2.2.2. Suppose q is an odd prime power, q 27. Suppose there exist 
SOLSSOM(m) and ISOLSSOM(m + e,,e,) where m is even, e, = 0 or e, odd > 0, 
t = 1,2 ,...,;(q - 5) k = C ,GrGCq_5j,2(2e,). Then there exists a HSOLSSOM of 
type n&q-‘)(rn + k)‘. 
Lemma 2.2.3. Suppose q>5, q is an odd prime power or q E fl(mod 6). Suppose 
there exist compatible 3 IMOLS(m + e,,e,) where m is even, t = 1,2,. . . , i(q - l), 
k=C 1 Q1G(4_,j,2(2e,). Then there exists a HSOLSSOM of type mqk’. 
Proof. Suppose q is an odd prime power. Instead of the symmetric pairs of transversals 
intersecting in cell (0,O) in the proof of Lemma 2.2.1, this time we get from L-1 the 
symmetric pairs of transversals in a SOLSSOM(q)Lt and Li, i’ E GF(q)\{O, 1, -1). 
These transversals are disjoint with one another. The similar construction gives a 
HSOLSSOM of type mqk’. When q E ztl(mod 6) let Lg = (a;i), a, = i + <j in 
Z,. L2 and L, form a SOLSSOM(q) with an extra orthogonal mate L-1, which deter- 
mines the symmetric pairs of common transversals in L2 and L1. The remainder of the 
proof is the same as the prime power case. The proof is complete. 0 
The following corollary is Lemma 2.2 in [ 161 
Corollary 2.2.4. Suppose qa 5, q is an odd prime power or q E *I (mod 6). Sup- 
pose there exist ISOLSSOM(m + e,,et) where m is even, et = 0 or e, odd > 0, 
t = 1,2,. ..$(q - l), k = C,Qt<Cq-,j/2 (2et). Then there exists a HSOLSSOM of 
type mqk' . 
2.3. Other constructions 
In this section, we shall describe several other recursive constructions. The first one 
is simple but useful. 
Construction 2.3.1 (Filling in holes). (1) Suppose there exists a HSOLSSOM of type 
{si : l<i<n}. Let a>0 be an integer. For each i, l<i<n - 1, if there exists a 
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Table 1 
HSOLSSOM(2”) 
t a h n 
5 
5 
7 
7 
7 
7 
I 
9 
9 
9 
9 
II 
11 
13 
13 
13 
13 
19 
19 
I 
5 
5 
I 
6 
7 
5 
7 
9 
7 
7 
7 
7 
9 
11 
9 
7 
19 
0 
0 
0 
5 
6 
0 
0 
0 
6 
0 
6 
0 
0 
0 
6 
6 
0 
26 
30 
36 
40 
42 
46 
48 
50 
52 
54 
58 
62 
68 
72 
74 
76 
80 
108 
114 
3. HSOLSSOMs of type 2” 
In this section, we shall improve the known result in Theorem 1.1 and show that a 
HSOLSSOM(2”) exists for all n>5 except possibly for n E E = {8,10,12,14,15,16, 
18,20,22,24,28,32}. As a consequence, we then establish that for h = 2 (mod 4) and 
h > 10 a HSOLSSOM(h”) exists for all n > 5 except possibly for n E E. 
Lemma 3.1. There exists a HSOLSSOM of type 2n for n E {26,30,36,40,42,46,48, 
50,52,54,58,62,68,72,74,76,80,108,114}. 
Proof. We start with a TD(7, t) for t E { 7,9,11,13,19}. Delete t - a points from one 
group and delete t - b points from another group. We obtain a GDD of group type 
t5a1b’ with block sizes 5,6 and 7. Apply Weighting Construction and give weight 
two to each point of the GDD. We obtain a HSOLSSOM of type (2t)5(2a)1(2b)‘. For 
parameters of t, a and b shown in Table 1, there are HSOLSSOMs of type 2’, 2“, 2’ from 
Theorem 1.1 and Lemma 2.1.2. Therefore, we may apply Filling in Holes Construction 
to obtain a HSOLSSOM of type 2”, where n = St+a+b. If we start with a TD(6, t) and 
delete 5 - a points from one group, then the similar construction gives a HSOLSSOM 
of type 2” where n = 5t + a. 0 
Lemma 3.2. There exist compatible 3 IMOLS(u, n) for (u, n) = (10,2) and (k, 1 ), 
where k is any odd integer greater than 3. 
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2~3~0]1~6~7~4~5~ I 
714151613 1011 121 I 
Fig. 4. Compatible 3 IMOLS( 10.2). 
Proof. For any odd integer k35 there exists a SOLSSOM(k) from [6,13,15]. Then 
there exist an ISOLSSOM(k, 1) and compatible 3 IMOLS(k, 1). An example of com- 
patible 3 IMOLS( 10,2) is taken from [2] with some modifications and shown in Fig. 4, 
where the third square is a balanced ILS. 0 
Lemma 3.3. There exists u HSOLSSOM ?f type 2” for n = 33 and 34. 
Proof. Apply Lemma 2.2.3 with q = 7, m = 8, el = 1, e2 = 2, and e3 = 1 or 2. Since 
there exist compatible 3 IMOLS(8 + e, e) for e = 1,2 from Lemma 3.2, we obtain a 
HSOLSSOM of type 8’8’, or type 8’10’. Further apply Construction 2.3.1 (1) with 
a = 2 and use HSOLSSOMs of type 25 and type 26 as input designs, which all exist 
from Theorem 1.1 and Lemma 2.1.2. We obtain the desired HSOLSSOMs of type 233 
and type 234. 0 
Lemma 3.4. There exists u HSOLSSOM of type 238. 
Proof. Apply Corollary 2.2.2 with q = 9, m = 8, el = 0 and e? = 1. We obtain a 
HSOLSSOM of type 8’10’. Further apply Construction 2.3.1 (1) with a = 2 and use 
HSOLSSOMs of types 2’ and 26 as input designs. We obtain a HSOLSSOM(238). ??
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Lemma 3.5. There exists a HSOLSSOM oJ’ type 244. 
Proof. Start with a TD(7,7) which exists from Lemma 2.3.5. It is not difficult to find 
5 points in the TD such that they intersect each block and each group at no more 
than two points. We then obtain a PBD with 44 points and block size 5,6 or 7. Apply 
Construction 2.3.2. with h = 2. Since HSOLSSOMs of types 25,26 and 27 exist, we 
obtain the desired HSOLSSOM of type 244. 0 
Lemma 3.6. There exists a HSOLSSOM oj’ type 2” for n = 84,87 and 88. 
Proof. From [5] we have a GDD of group type 713 with all blocks of size 7. Deleting 
one group, we get a PBD with 84 points and block sizes 7 and 6. If we delete two 
points from the GDD or delete from three groups of the GDD one point each such that 
they are not in the same block, then we get a PBD with 87 or 88 points and block 
sizes 7,6 and 5. Apply Construction 2.3.2 with h = 2. Since HSOLSSOMs of types 
25,26 and 27 exist, we obtain the desired HSOLSSOMs. I7 
Combining the results obtained in this section and the known result in Theorem 1.1, 
we may summarize with the following theorem. 
Theorem 3.7. There exists a HSOLSSOM of type 2” for all n 2 5 except possibly for 
n E {8,10,12, 14,15,16,18,20,22,24,28,32} 
Applying Construction 2.3.4 with h = 2 and m 25 odd, we obtain the following 
theorem from the results of Theorem 3.7. 
Theorem 3.8. Suppose h E 2 (mod 4) and h 3 10. Then there exists a HSOLSSOM of 
type h” for all n 25 except possibly for n E {8,10,12,14,15,16,18,20,22,24,28,32}. 
4. HSOLSSOMs of type A” where A E 0 (mod 4) 
In this section we shall make use of PBDs with block sizes from the set H4 = 
{k : k s l(mod 4). This set has been investigated quite extensively by various authors, 
but the main tool for our constructions comes from [12]. If (X,B) is a PBD with block 
sizes from the set H4 and there is a point x E X which is contained exclusively in 
blocks of size 5, then we say that x is a 5-head of (X, B) and write v = 1x1 E B(5”, H4). 
Evidently, v E B(5”,H4) if and only if there exists an H4-GDD of type 4(‘-‘)/4. 
The following two lemmas are contained in [12, Theorem 2.10 and Lemma 3.41. 
Lemma 4.1. B(5A, 9) ->{v : v 3 l(mod4),v321,2; # 29,33}\{49,73,93,113,133,153, 
173,193). 
Lemma 4.2. B(5*,9,13)>{v : v = l(mod4),v>21,v # 29,33}\{49}. 
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From Lemmas 4.1 and 4.2, we readily obtain the following two useful GDDs. 
Lemma 4.3. [f’ II >, 5 und n # 7,8,12, then there exists a {5,9. 13}-GDD qf’ type 4”. 
Lemma 4.4. lf’n 25 and n # 7,8,12,1X, 23,28,33.38,43, and 48, then there exists a 
{5,9}-GDD qf type 4”. 
Lemma 4.5. There exists a HSOLSSOM(4”) jbr all n 3 5. 
Proof. From Theorem 1.2 and Lemma 4.3, we can give each point weight one in the 
{5,9,13}-GDD of type 4n to obtain a HSOLSSOM of type 4” for all n 3 5, where 
n # 7,8, 12. For n = 7, we apply Corollary 2.2.2 with m = 4, q = 7 and et = 0. 
For n = 8 and 12, we apply Corollary 2.2.4 and m = 4, q = 7,11 respectively, 
and er = 0 or 1 to obtain HSOLSSOMs of type 4’4’ and 4”4’. This completes the 
proof. 0 
Lemma 4.6. There exists u HSOLSSOM(8”) for all n 3 5. 
Proof. From Theorem 3.7 and Lemma 4.3, we can give each point weight two in the 
{5,9.13}-GDD of type 4n to obtain a HSOLSSOM(8”) for all n 2 5, where n # 7,8,12. 
For n = 7, we apply Corollary 2.2.2 with m = 8, q = 7 and el = 0. For n = 8, a 
HSOLSSOM of type 8’8’ has already been constructed in the proof of Lemma 3.4. 
For n = 12, we apply Corollary 2.2.4 with m = 8, q = 11 and el = 0 or 1 to get a 
HSOLSSOM of type S”8’ and this completes the proof. 0 
Lemma 4.7. If h E 0(mod4) and ha 16, then there exists LI HSOLSSOM(h”) ,for all 
n 2 5, M-here h # 24. 
Proof. We apply Construction 2.3.4 to the results of Lemmas 4.5 and 4.6. 0 
Lemma 4.8. Zf there exist u RTD(6,m) and c1 HSOLSSOM(2m), then there exists u 
HSOLSSOM( 12”) where n = m und m + 1. 
Proof. To a RTD(6, m) we may adjoin 0 or 6 infinite points so as to form {6,7, m}- 
GDDs of type 6”’ and gMt’, using either one parallel class of blocks or one parallel 
class of blocks together with the infinite points as groups. Using the fact that we have 
HSOLSSOM(2”) for n = 6 and 7 from Theorem 3.7, we may give each point of the 
resulting GDD weight two to obtain the desired result. 0 
Lemma 4.9. There exists II HSOLSSOM( 12”) jbr n E {7,8,12,18,23,28,33,38, 
43,48}. 
Proof. We apply Lemma 4.8 by choosing m E {7.11,17,23.27,32,37,43,47}. It is 
easy to verify that all the necessary conditions are satisfied. n 
Lemma 4.10. There exists N HSOLSSOM( 12”) jtir ull n 3 5. 
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Proof. If II 3 5 and n @ {7,8,12,18,23,28,33,38,43,48}, then from Theorem 1.2, we 
can give each point weight three in a {5,9}-GDD of type 4”, which exists from 
Lemma 4.4. This gives a HSOLSSOM( 12”) and the result follows from Lemma 4.9. 0 
Lemma 4.11. If there exists u RTD(6,m), then there exists u HSOLSSOM(24”), 
wheren==mundm+l. 
Proof. As in the proof of Lemma 4.8, we first form {6,7,m}-GDDs of type 6M and 
6”+‘. We know that a HSOLSSOM(4m) exists from Lemma 4.5, so we can give each 
point of the GDDs weight 4 to obtain HSOLSSOM(24”), where n = m and m + 1. 0 
Lemma 4.12. There exists a HSOLSSOM(24n) for N E {8,10,12,14,15,16,18,20, 
22,24,28,32}. 
Proof. If n E {8,10,12,14,16,18,20,24,28,32}, we can apply Lemma 4.11 by choos- 
ing m E {7,9,11, 13,16,17,19,23,27,32} to obtain a HSOLSSOM(24”). For n = 15, 
we can delete one point from a 7-GDD of type 713 (see [5]) to obtain a 7-GDD of 
type 6”. We give weight 4 to each point of this GDD to obtain a HSOLSSOM(24”), 
using HSOLSSOM(47) from Lemma 4.5. For n = 22, we start with a RTD(6,23) and 
delete one block from a particular parallel class so as to form a {5,6,22}-GDD of 
type 6 ** Using HSOLSSOM(4”) for n = 5,6, and 22 from Lemma 4.5, we can give . 
weight 4 to this GDD and obtain a HSOLSSOM(2422). 0 
Lemma 4.13. There exists u HSOLSSOM(24”) for al/ n 3 5. 
Proof. If n @ {8,10,12,14,15, 16,18,20,22,24,28,32}, then we know that there is 
a HSOLSSOM(2n) from Theorem 3.7. We can then apply Construction 2.3.4 with 
m = 12 and h = 2 to get a HSOLSSOM(24”). Combining this with the result of 
Lemma 4.12, we complete the proof of the lemma. 0 
The results of Lemmas 4.5, 4.6, 4.7, 4.10 and 4.13 can be combined to give the 
main result of this section. 
Theorem 4.14. !f h E O(mod4), then there exists a HSOLSSOM(h”) if and only if 
n 25. 
5. Concluding remarks 
The problem of existence of HSOLSSOM(h”) for even h has been completely settled 
for h E 0 (mod 4). For h E 2 (mod4), we have obtained fairly conclusive results in 
Theorems 3.7 and 3.8, except for the case h = 6 which remains under investigation. 
It is perhaps worth mentioning that the HSOLSSOM( 106) from Theorem 3.8 can 
be used to obtain a unipotent SOLSSOM(62), the existence of which was previously 
unknown. The construction involves filling in the holes, using ISOLSSOM( 12,2) (see 
[4]) and SOLSSOM(12). We therefore obtain the following improvement to the spec- 
trum of SOLSSOM(r) (see, for example, [15]): 
Theorem 5.1. A SOLSSOM( P) exists JOY ~111 positicr intrgws c, with (he r.weption 
of’ r = 2,3,6 und thr possihk rrcrption of I’ = 10, 14,46.54,58,66,70. 
Note added: Since this paper was submitted for publication, several new HSOLSSOMs 
have been found. In particular, the possible exceptions n = 8, 10, 15, 16, 20 can now 
be removed from Theorems 3.7 and 3.8. The possible exceptions I’ = 46, 54, 58 can 
also be removed from Theorem 5.1. 
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